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Abstract
The paper deals with the problem for spherical and cylindrical holes in the ground array, heterogeneity is due to changes in 
humidity. For many soils (clay, loess rock) is characterized by significant influence moisture on the mechanical characteristics, 
particularly in the modulus of elasticity and Poisson's ratio. The calculation also takes into account the non-linear nature of the 
soil deformation. As the mechanical models are considered thick-walled cylinder (axisymmetric problem) and the hollow ball 
(centrally symmetric problem), the inner radius of which is equal to a, and external - b >> a. Nonlinear problem with variable 
elastic parameters E DQGȞVROYHGE\VXFFHVVLYHDSSUR[LPDWLRQVGHVFULEHGLQ>@
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iσ stress intensity
iε strains intensity
E, A, α , parameters of chart ( )i iσ ε
w moisture
ρ density
p pressure
γ specific weight of the soil
H hole location depth
1. State of the problem
To describe the nonlinear character of deformation (Fig. 1) the following relationship is used:
( )i i i if E A
ασ = ε = ε − ε , (1)
where E, A DQGĮ- variable coefficients that depend on the soil moisture:
( )0( ) / EmsE w E w w= , ( )0( ) / AmsA w A w w= , ( )0( ) / msw w w αα = α . (2)
In our case 0 0,12w = - natural soil moisture (when r b= ), and 
0, 22sw = - moisture saturated soil (when r a= ).
Based on the works [3-5], the following experimental values for 
the coefficients of clay were obtained:
0 2,291E = MPa, 1,5785Em = − , 0 6,5137A = MPa, 
0,8427Am = − , 0 1,8107α = , 0,3207mα = .
(3)
In this case 0 0,12w = - natural soil moisture (at r b= ), and 
0, 22sw = - moisture saturated soil (at r a= ).
Effect of humidity on Poisson's ratio of the soil is expressed by 
dependence [6]
0.14 0.35s
w
w
e
ρ
ν = ⋅ ⋅ +
ρ ⋅
, (4)
where w is moisture; sρ - the density of the soil particles, to clay 
2.74sρ = g / cm
3; wρ - density of water 1wρ = g / cm3; e - soil porosity, e=1.05.
On the borders of a cylindrical or spherical array with an aperture located on sufficiently great depth the boundary 
conditions are:
r a= , 0rσ = ; r b= , r pσ = − . (5)
Here p H= γ - earth pressure. In the solution we took 10.44b a= , 0.15p = MPa.
2. Solution
2.1. Axisymmetric problem
Moisture distribution along the radius of the cylinder is described by [7,8]:
( ) ( )
( )
0 ln / ln /( )
ln /
a s b
b a
w w
w
⋅ ρ ρ − ⋅ ρ ρ
ρ =
ρ ρ
, (6)
 
Fig. 1. The nonlinear deformation diagram; 
,max /s u uE = σ ε – secant modulus fracture 
point. 
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where /r ɚρ = , /b b ɚρ = .
From Boundary conditions 1ρ = , 0.22sw = ; 10.44ρ = , 0 0.12w = we obtain the following relationship between 
the relative moisture of the radius:
( ) (1 0,1938 ln )sw wρ = − ⋅ ρ , (7)
Then the functions E, A and Į take the form:
( )0( ) 1 0,1938 ln EmE r E= − ⋅ ρ , ( )0( ) 1 0,1938 ln AmA r A= − ⋅ ρ , ( )0( ) 1 0.938 ln mr αα = α − ⋅ ρ , (8)
Thus diagram of soil deformation varies with r (Figure 1.) and is described by the relation:
( ) ( ) ( ) ( )0 1 0.1938ln0 01 0.1938ln 1 0.1938ln
m
E Am m
i i i if E A
αα − ρ
σ = ε = − ρ ⋅ε − − ρ ⋅ε (9)
On the basis of (4) and (6) Poisson's ratio is a function
of radius:
( ) 0.4303 0,0156lnrν = − ρ (10)
Solution of the problem for the nonlinear material was 
carried out by successive approximations. At the zero stage 
solution is sought to the problem of linear-elastic material.
The resolving equation in terms of stresses for
axisymmetric problem in the absence of mass forces and 
forced deformation has the form [2]:
( ) ( ) 0r r rr r′′ ′σ + ϕ σ + ψ σ = , (11)
where
2
1 2
( ) 3
1
E
r r r
r E
′ ′ν ν⎛ ⎞ϕ = − −⎜ ⎟
− ν⎝ ⎠ ;
( )
2
1 41 1 2
( )
1 1
E
r
r E
′+ ν ν⎛ ⎞′
− νψ = − ⋅ +⎜ ⎟
− ν
− ν⎝ ⎠ .
(12)
By solving Eq. (11) with conditions (5) by sweep method with variable pitch will get stresses rσ . The sweep 
method used the variable step along the radius. In this first step equal 0.2a and each following should be increased 
1.2 times. Thus, the section (a, b) broken down into 25 intervals. Thickening of the grid near the hole improves the 
accuracy of calculations in the area of stress concentration. In its turn at great value b we can use the second 
boundary condition (5).
From the equilibrium equation we have:
r rrθ ′σ = ⋅σ + σ , (13)
In the problem of plane strain state deformations are equal:
0zε = ,
( ) ( )( ) ( )1 1
( )r r
r
r r
E rθ θ
+ ν ⎡ ⎤ε = −ε = − − ν σ − ν σ⎣ ⎦ . (14)
As a result for deformation intensity, we obtain the expression:
( ) ( )( )2 1 ( )2 3 1 ( ) ( )
3 3 ( )
i r r
r
r r
E r
θ
+ ν
ε = ε = σ − ν − σ ν . (15)
Knowing intensity of the strain can be determined secant modulus at each point of the body:
 
Fig. 2. The distribution of moisture along the radius 
of the cylinder
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( ) ( )[ ] ( ) 1( ) ri ic i
i i
f
E E r A r α −
σ ε
= = = − ε
ε ε
. (16)
In the next stages of approximation equation (11) is solved again in which the functions and have the form: 
1 1 1
2
1 1
21
( ) 3
1
E
r r r
r E
⎛ ⎞′ ′ν νϕ = − −⎜ ⎟⎜ ⎟
− ν⎝ ⎠
,
( )1 11
2
1 1
1 41 1 2
( )
1 1
E
r
r E
⎛ ⎞′+ ν ν′
− νψ = − ⋅ +⎜ ⎟⎜ ⎟
− ν
− ν⎝ ⎠
, (17)
where  
1
3 ( )
3 ( ) 2 ( )
c
c c
E E r
E
E r E E r
=
+ − ν
, 11
3
1
2 ɫ
E
E
ν = − . (18)
The expression (18) includes a secant modulus ɫE calculated in the previous step. Each subsequent stage of the 
iterative process makes solution close to the exact. Fig. 3 shows the curves of the stress distribution in the nonlinear 
material obtained in the eighth approximation, and, for comparison, the stress distribution in the linear-elastic 
material.
2.2. Centrally symmetric problem
Moisture distribution along the radius of the sphere (Figure 5) is described as follows [9]:Ɋɚɫɩɪɟɞɟɥɟɧɢɟ
ɜɥɚɠɧɨɫɬɢ ɜɞɨɥɶ ɪɚɞɢɭɫɚ ɞɥɹ ɫɮɟɪɵ ɨɩɢɫɵɜɚɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟɦ [9]:
( )0 01( )
1 1
b s s b
b b
w w w w
w
ρ −
−ρ ⋅ρ = ⋅ −
ρ − ρ ρ −
, (19)
From conditions 1ρ = , 0.22sw = ; 10.44ρ = , 0 0.12w = we obtain the following relationship between the 
relative moisture of the radius:
0.503
( ) 0,497sw w
⎛ ⎞ρ = +⎜ ⎟ρ⎝ ⎠ , (20)
Then the functions E, A and Į take the form:
 
Fig. 3. Diagrams of stresses in the cylindrical shell:
1 - linear-elastic inhomogeneous material; 2 - nonlinear elastic inhomogeneous material
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( )0( ) 0.503 / 0,497 EmE r E= ρ + , ( )0( ) 0.503 / 0,497 AmA r A= ρ + , ( )0( ) 0.503 / 0,497 mr αα = α ρ + . (21)
In turn Poisson's ratio is described by equality:
0.04
( ) 0.39ν ρ = +
ρ
(22)
By analogy with p. 2.1 solution was obtained by the method of successive approximations using the sweep 
method. The calculation results are shown in Fig. 4.
 
Fig. 4. Diagrams of stresses in the spherical shell:
1 - linear-elastic inhomogeneous material; 2 - nonlinear elastic inhomogeneous material 
According to calculations inhomogeneity of Poisson's ratio has little effect on the state of stress. For example, 
for a spherical array with ν = 0,41 maximum stress greater by 2.8% as compared with the calculation for the 
function ( ),rν and for the cylindrical array stress is less by 1.7%.
The validity of the results in both problems is confirmed by a test 
of static balance half of the array with a hole under the influence of 
external pressure p and stresses θσ (Fig. 5).
For a cylindrical array equilibrium condition is:
0
0; 2 sin 2
b
a
Y dr p bd pb
π
θ= σ = θ⋅ θ =∑ ∫ ∫ ,
and for spherical array:
2
0
1
0; sin cos .
2
b
a
Y rdr p b bd pb
π
θ= σ = θ⋅ θ ⋅ θ =∑ ∫ ∫
3. Conclusions
The nonlinear behavior typical for many materials, such as soil, concrete, polymers and composites based on 
them, etc. The account in the calculation of non-linearity leads to a reduction of stresses [10, 11, etc.]. As for the 
results of this work, it should be noted that reducing stresses near the holes in the cylindrical and the spherical array 
compared with the linear material was about 31 - 32%. This paper investigates the effect of non-linearity on the 
stress in an inhomogeneous material. This is the novelty of the research. The feature of this work is the fact that the 
diagram i iσ − ε different at different points of the body. This requires additional studies of physical and 
mechanical properties of materials. The first results of the authors on the application of analytical and numerical 
methods to the solution a considered problem, published in [12-14].
 
Fig. 5. To condition of static equilibrium.
50   Vladimir I. Andreev et al. /  Procedia Engineering  153 ( 2016 )  45 – 50 
Acknowledgement
This work was financially supported by the Ministry of Russian Education (state task #2014/14).
4. References
[1] V.I. Andreev, Y.N. Malashkin, Calculation of thick-walled pipes from the nonlinear elastic material.Building mechanics and calculation of 
constructions. 6 (1983) 70-72.
[2] V.I. Andreev, Some problems and methods of mechanics inhomogeneous bodies. ASV Publ. House, Moscow, 2002. 
[3] O.R. Golly, Using the laws of swelling clay soils in construction. Reconstruction of cities and Geotechnical Engineering, 8 (2004) 131-141.
[4] ODN 218.046-01. Design nonrigid road clothes, 2000 .
[5] V.I. Andreev, A.S. Avershyev, Nonstationary problem moisture elasticity for nonhomogeneous hollow thick-walled cylinder. Transactions of 
International Conference on Fluid Structure Interaction, Gran Canaria, 10 - 12 April, WITpress (2013) 123-132.
[6] E.V. Pioro, Deformation and acoustic properties of clay soil in results of laboratory geotechnical and ultrasound examination. PhD thesis. 
Lomonosov Moscow State University (2014), p.162
[7] V.I.Andreev, A.S. Avershyev, Stationary problems of moisture-elasticity for inhomogeneous thick-walled shells.
Advanced Materials Research. 671-674 (2013) 571-575.
[8] V.I.Andreev, A.S. Avershyev, About influence of moisture on stress state of soil taking into account inhomogeneity, International Journal for 
Computational Civil and Structural Engineering. 9 #3 (2013) 14-20.
[9] V.I. Andreev, A.S. Avershyev, Axisymmetric problem moisture elasisity in inhomogeneous spherical array. International Journal for 
Computational Civil and Structural Engineering, Vol. 10, Iss. 1 (2014) 46-54.
[10] L.U. Stupishin,  A.G. Kolesnikov,  Geometric Nonlinear Orthotropic Shallow Shells Investigation//«Applied Mechanics and Materials». 
501-504 (2014) 766-769.
[11] L.U. Stupishin, K.E. Nikitin,  Mixed finite element of geometrically nonlinear shallow shells of revolution // «Applied Mechanics and 
Materials» 501-504 (2014) 514-517.
[12] V.I. Andreev, Equilibrium of a Thick-walled Sphere of Inhomogeneous Nonlinear-elastic Material. Applied Mechanics and Materials Vols. 
423-426 (2013) 1670-1674.
[13] V.I. Andreev, L.S. Polyakova, Analytic solution of a physically nonlinear problem for an inhomogeneous thick-walled cylindrical shell.
Vestnik MGSU, 11 (2015) 38-45.
[14] V.I. Andreev, L.S. Polyakova, Calculation of a Thick-walled Inhomogeneous Cylinder of Nonlinear-elastic Material. Advanced Materials 
and Structural Engineering –Taylor & Francis Group, London, (2016) 715-718.
